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Abstract

This reportpresentsa methodto jointly estimatephaseanddatafrom a convolutionally codedBinary
Phase-ShiftKeying (BPSK) signalwith randomphasenoiseandAdditive White GaussianNoise(AWGN).
Thejoint receiver-decodersuccessfullydecodesfully suppressedcarriersignalsin harshphasenoiseenviron-
ments.A completedescriptionis givenof thesoftwareimplementation,including thegenerationof statisti-
cally accuratephasenoisesamples.Numericalresultsaregivenfor theNASA standard(7,1/2)convolutional
codeandfrequency flickerdominatedphasenoise.For phasenoiselevelsof -10.58,-1.55and7.48dB rad2/Hz
at a1 Hz offset,adatarateof 40bps,anda Bit ErrorRate(BER)of 0.01,thejoint receiverdecodersaves3 to
4.25dB of poweroveranonjointapproach.

1 Intr oduction

This reportpresentsa methodto performphase-trackinganddatadecodingof a convolutionally codedBPSK

signalcorruptedby randomphasenoiseandAWGN. Currentreceiversanddecodersaccomplishthesetwo tasks

in anisolated manner:thereceiverperformsphase-trackingandthedecoderproducesthedecodeddatasequence.

Thesolecommunicationbetweentheconventionalreceiver anddecoderis via a sequenceof soft symbolsat the

outputof thereceiver. In contrast,the techniquegiven in this reportestimatesthephaseanddatajointly, which

improvesboththephaseestimateandthedecodeddatasequence.

Someamountof optimality canbe claimedfor the isolated-blocksarchitecture,becausethephasetracking

loop is motivatedby the Maximum A Posteriori(MAP) estimate,anda Viterbi decoderalsogives the MAP

estimateof thebits. However, theoptimalityof thephasetrackingloopisbasedontheassumptionthattransmitted

symbolsareindependent,andtheoptimalityof theViterbi decoderis basedonassumptionsof perfecttiming and

phasesynchronization.Neitherassumptionis true,especiallyin thehigh phasenoiseenvironmentsthatoccurat

low datarates.

In theseharshcases,it is possibleto improve systemperformancewith anintegratedarchitecturethatjointly

tracksphaseanddecodesdata. Thephasetracker cantake advantageof thestructureof thechannelcode,and

thedecodercantake advantageof improved trackingcapability. Furtherimprovementsmight alsobeobtained
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Table1: Propertiesof variousphasetrackingloops.

Canoperate
without residual
carrier

Makesuseof
carrierinfo in
modulation
sidebands

Performance
canbe
maximized
without SNR
estimate

Makesuseof a
posterioribit
probabilities

Makesuseof
underlying
error-correcting
code

PLL No No Yes No No
Integrate/Dumploop Yes Yes No No No

Squaringloop Yes Yes No
�

No No
Costasloop Yes Yes No

�
No No

Decision-directedloop Yes Yes No
�

Yes No
Jointreceiver-decoder Yes Yes Yes Yes Yes�

Idealfilter coefficientsdependonSNR,but performanceis ofteninsensitive to SNRmismatch.

by moving theexternalsymbolsynchronizationblock into thejoint receiver-decoder. This reportdoesnot tackle

this issue,andassumesperfecttiming.

Eachof thevariousconventionalreceiverphase-trackingloopsutilizesslightly differentamountsof informa-

tion from themodulationsidebands[LS73], summarizedin Table1. Technically, thedecision-directedloop can

beviewedasa joint receiver-decoder, becauseit estimatesbothphaseanddata,but its feedbackis asequenceof

memoryless,symbol-by-symboldecisionswith nooperationaldependenceonthetheunderlyingerror-correcting

code.Theotherloopsoperatewithout makingany datadecisionsat all: a phase-locked loop (PLL) requiresan

unmodulatedresidualcarriersignal,theMAP-basedintegrate-and-dumploopsaveragethephaseestimateover

the“unknown” data,andthesquaringandCostasloopsnullify themodulationin thesidebandsby squaring(or

effectively squaring)thesignal.

Thejoint receiver-decoderusesatrellis-basedalgorithmto jointly estimatethephaseanddata.Corresponding

to eachstateof the trellis is a hypothesizeddatasequenceleadingto that state,and also a hypothesized phase

estimate conditioned on that data sequence. This conditioningis thekey advantageover theotherloops.When

conditionedon thecorrectdatapath,thephaseestimateperformanceof any loop of thetypedescribedabove is

the sameasfor a pilot tonewith no datamodulation. Furthermore,the phaseestimatecanbe updatedoneor

moretimespersymbol;thereis no requirementthat thephaseremainconstantthroughouttheconstraintlength

of thecode.As aresult,thejoint receiver-decoderoffersthepotentialto operateonasuppressedcarriersignalin

phasenoiseregionstoo harshfor a conventionalreceiver anddecoder, andto do sowithout incurringa squaring

losstypified by loopsthatremove modulationby squaringthesignal.
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2 Preliminaries

2.1 The signalmodel

Weconsideranoiselessreceivedsignalof theform

s
�
t ��� Asin�ωct � θ

�
t ��� βm

�
t �	��
 (1)

whereθ
�
t � is therandomlyvaryingphase,ωc is thecarrierfrequency, β is themodindex or modangle,m

�
t ���

∑k ck p
�
t � kT � is theconvolutionally encodedwaveform,ck 
�� � 1 
�� 1 � , andp

�
t � is arectangularpulseof length

T . We do not considersubcarriermodulationin this report. Notethatwhenβ � π � 2 thesignalingis antipodal,

reducingto anordinarysuppressedcarrierBPSKsignal.Thetotal receivedsignalis

r
�
t ��� s

�
t ��� n

�
t ��


wheren
�
t � is anAWGN processwith one-sidedpowerspectraldensityN0.

2.1.1 Complexbaseband

For convenience,we work primarily in complex baseband,by definingin theusualway s
�
t ��� Re � s̃ � t � e jωct � and

n
�
t ��� Re � ñ � t � e jωct � . UsingthesedefinitionsandEq. (1), we have

s̃
�
t ��� � jAe j � θ � t ��� βm � t ��� 
 (2)

ñ
�
t ��� nc

�
t ��� jns

�
t ��
 and

r̃
�
t ��� s̃

�
t ��� ñ

�
t ���

In this representation,thenoisecomponentsnc
�
t � andns

�
t � areindependentwhiteGaussiannoiseprocesseswith

one-sidedpower spectraldensitySnc

�
f ��� Sns

�
f ��� 2N0. For thecomplex basebandsignals,theinnerproductis

definedby  x 
 y !"�$# T x
�
t � y � t � � dt, where

�
denotesthecomplex conjugate.Also, % x % 2 �& x 
 x !��'# T x

�
t � x � t � � dt �# T ( x � t � ( 2dt �
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Figure1: A matchedfilter sampledoncepersymbol.

2.1.2 Conversion to discrete-time

A sampledsystemis used.A MatchedFilter (MF) at the front-endof the receiver hasa continuous-timeinput

andproducesadiscrete-timeoutputusedby thetrackingloops,whichareimplementeddigitally.

Thecontinuous-timereceivedsignal r̃
�
t �1� s̃

�
t �2� ñ

�
t � is theinput to a complex MF, asshown in Fig. 1 Let

s̃0
�
t ���3� jA denotethesignals̃

�
t � with no modulationor phaseoffsetpresent.Theoutputof theMF for thekth

transmittedsymbolis

 r̃ 
 s̃0 !��$4 kT� k 5 1� T r̃
�
t � jAdt � A2e jβck 4 kT� k 5 1� T e jθ � t � dt � N 
 (3)

whereN � NR � jNI, andwhereNR, NI eachhave a distribution of N
�
0 
 N0A2T � . Becausea rectangularpulse

shapeis used,theMF doesnothingmorethanintegrateanddump.

2.2 The channelcode

The codedbits � ck � areobtainedfrom an uncodedinformationstream � ak � by the standardNASA rate1/2,

constraintlength7 convolutional codeshown in Fig. 2. This is theconvolutional codewith generators
�
133� oct

D D D D D D

Figure2: NASA standard(7,1/2)convolutionalcode.
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and
�
171� oct , wherethemostsignificantbit representsD6, i.e.,

g1 � D ��� 1 � D2 � D3 � D5 � D6

g2 � D ��� 1 � D � D2 � D3 � D6 �
Wehavestrivento beconsistentwith theliterature,but thereareothersthatusedifferentoctalrepresentationsfor

generators.For example,in [LC83] the least significantbit representsD6.

2.3 The maximum lik elihood(ML) receiver

The joint Maximum Likelihood(ML) estimatefor the kth bit of an uncodedsignalandthe unknown phaseis

givenby �
ĉML

k 
 θ̂ � t �6��� arg max
ck 7 θ � t � p � r � t � ( θ � t ��
 ck ���

UsingaKarhunen-Loeve expansionfor r
�
t � , it follows (see,e.g.,[Pro95,page335]or [Sim97]) that

p
�
r
�
t � ( θ � t ��
 ck �"� C exp 8 � 1

N0
4 kT� k 5 1� T � r � t �9� s

�
t �6� 2dt :;


or in complex baseband,

p
�
r
�
t � ( θ 
 ck �"� C exp 8 � 1

2N0
% r̃ � s̃ % 2 : � (4)

Eq.(4) is referredto asthe likelihood function. Expanding,

% r̃ � s̃ % 2 �3 r̃ � s̃ 
 r̃ � s̃ !"�<% r̃ % 2 � 2Re  r̃ 
 s̃ !��$% s̃ % 2 � (5)

Plugging(5) into (4), takingthelogarithm,anddiscardingtermswhichdodonotdependonck, wehave thejoint

ML estimateof thephaseanddata �
ĉML

k 
 θ̂ � t � ML �"� arg max
ck 7 θ � t � Re  r̃ 
 s̃ !�� (6)

The maximumcanbe found by computing  r̃ 
 s̃ ! underdifferenthypothesesfor ck andθ
�
t � andchoosingthe

maximum.This is accomplishedin practiceby conditioningonavalueck first, andusingthebestresultingphase
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estimateunderthathypothesis.

2.3.1 Singlesampleper symbol receiver

For thekth symbolandhypothesizedphasêθ
�
t � anddataĉk, we have hypothesizedsignals̃

�
t ��� s̃0e j � θ̂ � t ��� βĉk � . If

thetruephaseθ
�
t � doesnotsignificantlyvaryoverasinglesymbolepoch,wemaywrite θk � θ

�
t � for

�
k � 1� T =

t > kT andthus

 r̃ 
 s̃ !?� e 5 j � θ̂k � βĉk �  r̃ 
 s̃0 ! (7)� A2T exp �@� j
�
θk � θ̂k ��� β

�
ck � ĉk �6�	�A� Ne 5 j � θ̂k � ĉk � (8)

may be usedin Eq. (6) to determinethe ML estimates.Eq. (7) demonstratesthat the MF output  r̃ 
 s̃0 ! is a

sufficient statisticfor ML detection.

2.3.2 Multiple samplesper symbol receiver

If θ
�
t � variessignificantlyover the symbolepoch,thenestimatingthe phaseonceper symbolcanresult in a

poorly performingreceiver. To solve theproblemwe maysampletheoutputof theMF m B 1 timesduringthe

integratinginterval, andcomputea phaseestimatemorethanoncepersymbol. We choosem sufficiently large

so that θ
�
t � maybe approximatedasa constantθk � i � within the ith interval of the kth symbol. The ith discrete

sampleof thekth symbolat theoutputof theMF is denotedby

rk � i ��� 4 t1 � T C m
t1

r̃
�
t � s̃0

�
t � � dt � A2T

m
e j � θk � i �D� βck � � Nk � i � (9)

wheret1 � �
k � 1 � �

i � m �6� T , andNk � i � containsindependentrealandimaginarycomponentseachGaussianand

with varianceN0A2T � m � . Thus,for amultiple samplespersymbolsystem,

 r̃ 
 s̃ !�� m 5 1

∑
i E 0

rk � i � e 5 j � θ̂k � i �D� βĉk � � m 5 1

∑
i E 0

A2T
m

exp � j � θk � i �F� θ̂k � i �G� β
�
ck � ĉk �6�	�A� Nk � i � e 5 j � θ̂k � i �D� βĉk � 
 (10)

which canbepluggedinto Eq. (6) to obtaintheML phaseanddataestimates.NotethatEq. (10) is identicalto

Eq.(7) in thecaseof m � 1, in whichcaserk � 0�2�H r̃ 
 s̃0 ! andNk � 0�2� N.
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3 PhaseNoise

This sectiondescribesa phasenoisemodelrepresentative of realoscillators,andanefficient methodto simulate

thephasenoiseprocess.

3.1 PhasenoisePSD

Theone-sidedPSDof oscillatorphaseis oftenmodeledas[Gag95]

S
�
f ��� S3

f 3 � S2

f 2 � S0 rad2/Hz. (11)

The S3 � f 3 term is calledfrequency flicker noise,the S2 � f 2 term is white frequency noise,andthe S0 term is

whitephasenoise.If S3 B 0 or S2 B 0, thenthismodelimpliesthatthepowerof thesignalis infinite, evenwithin

a smallbandaboutthezerofrequency: # c
0 S
�
f � d f � ∞. To avoid this problem,in this reportit is assumedthat

themodelabove is accurateonly for frequenciesabove somelower frequency fl.

Oscillatorphasenoisecharacteristicsarealsocommonlyspecifiedby L
�
f � , which is definedastheratio of

thephasenoisepower in a sidebandof bandwidth1 Hz to the total signalpower, at anoffsetof f Hz from the

carrierfrequency. Thenormalizedphasenoisepower L
�
f � is relatedto S

�
f � in thefollowing way [HSR73]:

L
�
f ��I 10log10 J S

�
f �

2 K � (12)

SeeAppendixA for a moredetaileddiscussionof this approximation.Eq. (12) is only valid for small levelsof

noise;however, Eq. (12) is often treatedasa definition,andit will beusedassuchin this report. Theunitsof

L
�
f � aredBc/Hz,or dB rad2/Hz.

3.2 Computer generationof phasenoise

Thenumericalresultsin this reportarebasedon simulationsusingfrequency flicker dominatedphasenoise,in

which all coefficientsin Eq. (11) weresetto zeroexceptS3, which is scaledto thedesiredvalue. For example,

to achieve “-13 dB rad2/Hz at1 Hz offset,” wehave S
�
f ��� S3 � f 3 andsetS3 sothat10log10

�
S
�
f �6� 2�1�&� 13dB

rad2/Hz at f � 1 Hz. In thisexample,S3 � 13 L 2 L 105 13C 10, or 0 � 1002.This is representative of thephasenoise

seenon theCassiniAux Osc[Mak94].

A C programwasusedto simulatethe phasenoise. The programallows specificationS
�
f � in the form of
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Figure3: MeasuredPSD’s of 100,000computergeneratedphasenoisesamples,comparedto thedesiredPSD’s
S
�
f ��M 1� f 3 andS

�
f ��M 1� f 2.

Eq. (11), andgeneratesphasesamples.The theoreticalbasisandimplementationof this programis discussed

in AppendixB. Fig. 3 shows themeasuredspectraldensityof computergeneratedphasenoisesamples,for two

cases.In bothcases,-20 dB rad2/Hz at a 1 Hz offsetwasdesired.In onecase,thephasenoisewasassumedto

bedominatedby frequency flicker noiseS
�
f ��� S3 � f 3, andin theotherby white frequency noiseS

�
f ��� S2 � f 2.

Notethe30and20dB perdecadeslopes,respectively. Thecomputergeneratedphasesamplesaccuratelyfollow

thedesiredspectrumdown to -100dBc/Hz.

Alternatively, the programcanalsocalibratethe phasenoiseby scalingS
�
f � suchthat the varianceof the

innovationssequence,i.e., theincrementalvariancebetweenphasesamples,is a givenvalue. This allows com-

parisonto previousresults[Ham98a]thatuseaGauss-Markov processfor thephasenoise.
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4 The Joint Receiver-Decoder

In aconventionalreceiver, incomingsamplesfrom amatchedfilter arefed into asinglephaserecovery loop,and

theninto acorrelatorfor eachof thehypothesizeddatavalues,-1 and+1. In aconvolutionally codedsystem,the

receiveroutputsareusedaspartialbranchmetricsonany branchhaving thegivendatahypothesis.This is shown

in Fig. 4.

By contrastthe joint receiver-decoderusesPerSurvivor Processing(PSP)phasetrackingwithin a Viterbi

decoder, asshown in Fig. 5. ThePSPapproachavoidsaveragingover unknown data,doesnot incur a squaring

loss,andallowsfor phaseestimateupdatesoneor moretimespersymbol.It involvescomputingaphaseestimate

at eachstatein theViterbi trellis, taking full advantageof thestrengthof thecodein performinga strongtype

of data-aidedphasetracking. Themethodis not themaximumlikelihoodestimator, becausetheestimatesand

dataarecoupled,andtheViterbi algorithmexcludescertaindatasequences;however, it shouldexhibit superior

performanceover uncoupledmethods.For a generalexplanationof Viterbi decodingof convolutional codes,

see[Pro95];for PSP, see[RPT95].

Hereis how it works. At eachstatein thetrellis, theViterbi decoderstoresanassociatedhypothesizeddata

sequenceaccordingto thesurviving pathto thatstate,asusual.This hypothesizeddatasequencecanbeusedto

unmodulatethesignal. If thehypothesizeddatasequenceis thecorrectone,thenthedata-wipedsignalis a CW

signalwith phasenoiseandAWGN, trackableby aPLL or otherloop in theusualway.

For eachincorrectsurviving path,thephaseestimatemight not beaccurateandindeedmaybesignificantly

worsethana phasetracker basedon averagingover unknown data. For the true datapath,however, the phase

estimatewill bebetter. Furthermore,thephaseestimateateachstaterequiresnodecodingdelay, soupdatesfrom

onetrellis stateto thenext cantrackphasesthatvary somewhatrapidly.

A secondand significantbenefitof the approachis that the data-wipedsignal is never squared,thereby

avoiding the“squaringloss” normallyassociatedwith trackingsuppressedcarriersignals.

4.1 Phaseestimation

In principle,any phasetrackingmethodthatcanbeusedfor a CW signalcanbeusedwithin the joint receiver-

decoder. Becausemultiple instancesof thetracker arerequired,thereis a complexity limitation. Most loopsare

simpleenoughthatthis is notaproblem,however. In thefollowing sectionswedescribetheimplementationof a

PLL, anopenloopMAP phaseestimator, andaKalmanfilter estimator.
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ĉk N�P 1

Phase
Recovery

e 5 jθ̂k
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Figure4: Conventionaldigital receiver for convolutionally codedBPSK.
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Figure5: Joint receiver-decoderblock for statei. Thereis sucha block for eachi � �
1 
6�6�6�V
 n � . Phaserecovery

usesthehypothesizeddatasequenceleadingto statei at time k.
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4.1.1 PLL

Thephaseerrorvariance(meansquaredphaseerror, in radians2) of thePLL is givenby thesumof thevariance

dueto thermalnoiseandthevariancedueto thephasenoise.Undertheassumptionthat thedata-wipehasbeen

performedcorrectly, thesuppressedcarriersignalbecomesa CW signalwith carrierpower equalto theoriginal

total signalpower Pt . Thus,thephaseerrorvariancedueto thermalnoiseis givenby

σ2
AWGN I 1

ρL
� BLN0

Pt
� BL

Rd
�
Eb � N0 � 


whereρL is theloopSNR,Rd is thedatarate,andBL is theloopbandwidth.Thethermalnoisetermis increasing

in BL, which representsthefactthatopeningup theloopbandwidthletsin morenoisepower to theloop.

Thephaseerrorvariancedueto thephasenoiseis givenby [Kin96]

σ2
phase-noiseI$4 ∞

0
S
�
f � ( 1 � H

�
f � ( 2d f �

For a secondorderunderdampedPLL trackingof frequency flicker dominatednoise,this hasbeenshown to be

accuratelyapproximatedby σ2
phase-noise� kS3 � B2

L [Kin96], with k � 8 � 7. Thephasenoisetermis decreasingin

BL, indicatingthatopeningtheloopbandwidthallowsoneto bettertrackthedynamicsof thephasenoise.As can

beseenfrom Fig. 6, theapproximationsareextremelyaccuratethroughouttheentirerangeof loop bandwidths.

A discrepancy beginsto appearastheloop bandwidthapproachestheNyquistrate,asaliasingbeginsto occur.

Thetotal phaseerrorvarianceis givenby

σ2
φ � σ2

AWGN � σ2
phase-noiseI BL

Rd
�
Eb � N0 � � kS3

B2
L

� (13)

Theoptimalloopbandwidthcanbefoundby differentiatingEq.(13) andsolvingfor BL. Thisgives

Bopt
L I �

2RdkS3Eb � N0 � 1C 3 � (14)

Thisoptimalloopbandwidthis shown in Fig. 7, for adatarateof 40bpsandphasenoiselevelsconsideredin the

numericportionsof thereport.
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4.1.2 MAP estimation

Theclassicalderivationof theMAP estimateof thephaseassumesthat thedatais unknown. Thus,theestimate

involvesan averagingover the two possibilitiesof the data, � 1 and � 1. Whenknown datais hypothesized,a

new MAP phaseestimateemerges.

We now derive theMAP phaseestimatefollowing thegeneralapproachof [LS73], but accountingfor data

which is now hypotheticallyknown. Begin by assumingthatthevalueof θ
�
t � remainsconstantover a periodof

K bits, K W 1. TheMAP phaseestimateis that valueof θ that maximizestheconditionaldensityp
�
θ ( r � t ��
 c � ,

wherec � �
co 
6�6�6�X
 cK 5 1 � . UsingBayesrule,

p
�
θ ( r � t ��
 c�Y� p

�
θ ( c� p � r � t � ( θ 
 c�

p
�
r
�
t � ( c� �

Wereasonablyassumethatθ andc areindependentandthatθ is uniformly distributedin � 0 
 2π � , andthusp
�
θ ( c�

andp
�
r
�
t � ( c� areindependentof θ. Hence,theMAP estimateis givenby

θ̂MAP � argmax
θ

p
�
r
�
t � ( θ 
 c���

Thatis, theMAP estimateis thesameastheML estimate.Following theanalysisin Section2.3,it follows that

θ̂MAP � argmax
θ

Re  r̃ 
 s̃ !�� (15)

In a typical implementation,in which s̃ is not completelydeterminedbecausec is unknown, theMAP esti-

mateis obtainedfrom Eq. (15) by averagingover the possiblevaluesof c. Whenoperatingwith β � π � 2 and

equiprobablesignals,it canbeshown [Pro95,page351] thatthis resultsin aMAP estimateof

θ̂MAP � argmax
θ

K

∑
k E 1

lncosh 8 2A
N0

4 kT� k 5 1� T r
�
t � cos

�
ωct � θ � dt : , in passbandnotation

� argmax
θ

K

∑
k E 1

lncosh 8 A
N0

Im 4 kT� k 5 1� T r̃
�
t � e 5 jθdt : , in complex basebandnotation�

Notethatthis estimatedoesnot containa referenceto thedatavectorc. Also, it requiresanexternalestimateof

theSNR,andtheargmaxmayhave to beaccomplishedby choosingamongmultiplecorrelatoroutputs.

In contrast,thePSPMAP estimateis givenby substitutingahypothesized̂m
�
t � into Eq.(2) andthenEq.(15),
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whichgives

θ̂MAP � argmax
θ

Re 4 KT

0
r̃
�
t � exp �@� j

�
θ � π � 2 � βm̂

�
t �6�	� dt � (16)

A necessaryconditionfor achieving themaximumis thatthederivative of (16) with respectto θ is zero,i.e.,

Re 4 KT

0
r̃
�
t � � � j � exp Z[� j

�
θ̂MAP � π � 2 � βm̂

�
t �6��\ dt � 0 �

After a few linesof simplificationvia trigonometricformulaswe obtain

θ̂MAP �&� tan5 1 ] Re # KT
0 r̃

�
t � e 5 jβm̂ � t � dt

Im # KT
0 r̃

�
t � e 5 jβm̂ � t � dt ^ � (17)

This PSPMAP estimateshouldresult in improved trackingbecauseit is conditionedon a hypothesizeddata

sequence,doesnot requireanexternalestimateof SNR,andcanbeimplementedexactly with a singlecomplex

basebandcorrelator.

4.1.3 Kalman filter estimation

TheMAP phaseestimatorof theprevioussectiongivesthebestperformancepossiblewith anobservationinterval

of K bits, under the assumption that the phase is constant within that interval. However, we aremostinterested

in improving receiver performancefor rapidly varyingphasenoisecases,in which thephasecanbeviewed as

constantfor only very short intervals. Trackingloopsor filters have the potentialto do betterthana one-shot

MAP estimateif they areableto makeeffectiveuseof anobservationinterval longerthanthatin whichthephase

maybeaccuratelyassumedto beconstant.

Onesuchmethodis a Kalmanfilter, which givesoptimalMSE trackingperformancewhentheobservableis

linearin thephaseerrorandthethephasevariesaccordingto a Gauss-Markov randomsequence.In this model,

thephaseis constantwithin asinglecodeword interval (two bits,for the(7,1/2)code)andbetweentheseintervals

variesaccordingto

θk � 1 � θk � Uk 
 (18)

whereθk � θ
�
2kT � andwhereU1 
 U2 
6�_�_� arei.i.d. zero-meanGaussianrandomvariableswith varianceσ2

θ. As-
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sumingknown dataandthat theobservableis theimaginarypartof thecorrelationoutputin (9), exceptthatwe

arenow integratingover two bits,

Yk � 2A2T sin
�
θk � θ̂k ` k 5 1 ��� Vk I 2A2T

�
θk � θ̂k ��� Vk 
 (19)

whereθ̂k ` k 5 1 is theestimateof θk computedfrom observablesY1 
6�6�6�X
 Yk 5 1, andwhereV1 
 V2 
6�6�6� arei.i.d. zero-

meanGaussianrandomvariableswith variance2N0A2T andareindependentof U1 
 U2 
6�6�6� . Thegoal is to deter-

minethefollowing quantities:

θ̂k ` k � E � θk (Y1 
6�6�6�X
 Yk �
θ̂k � 1 ` k � E � θk � 1 (Y1 
6�6�6�X
 Yk �
Σ̂k ` k 5 1 � Var

�
θk (Y1 
6�6�6�X
 Yk 5 1 �

Σ̂k ` k � Var
�
θk (Y1 
6�6�6�X
 Yk ���

By the orthogonalityprinciple, θ̂k ` k as definedabove minimizesthe mean-squarederror E % θk � θ̂k ` k % 2. The

solutionis givenby (see,e.g.,[Poo88,page292-293])

θ̂k ` k � θ̂k ` k 5 1 � Σk ` k 5 1Yk

2A2T Σk ` k 5 1 � N0

θk � 1 ` k � θ̂k ` k
Σk ` k � Σk ` k 5 1N0

2A2T Σk ` k 5 1 � N0

Σk � 1 ` k � Σk ` k � σ2
θ 


with theinitialization θ̂1 ` 0 � E � θ1 ��� π (assumingθ1 is uniform on � 0 
 2π � ) andΣ1 ` 0 � Var� θ2
1 ��� σ2

θ.

5 Nonjoint receiver-decoderperformance

Theperformanceof a nonjointphasetrackinganddecodingsystemwould bequitebadfor a suppressedcarrier

signalin ahighphasenoiseenvironment,andwouldresultin alopsidedcomparisonto thejoint receiver-decoder.

However, usingthesametotalpowertheperformanceof anonjointsystemcanbeimprovedby reallocatingpower

to a residualcarrier.
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Theamountof power to reallocateto theresidualcarrieris chosenasthatwhichminimizesthebit errorrate,

givenby [Kin96]

Pb � 4 π C 25 π C 2 f J Eb

N0
cos2 φ K pφ

�
φ � dφ � 4 π C 25 π C 2 f J Pt sin2 β

N0Rd
cos2φ K pφ

�
φ � dφ 
 (20)

where f
�ba � is thebaselineBERvs.Eb � N0 performancewhenthephaseis known exactly, pφ

�
φ � is theprobability

densityfunctionof thephaseerrorφ givenby

pφ
�
φ �1� exp J cosφ

σ2
φ K# π C 25 π C 2 exp J cosψ
σ2

φ K dψ

 ( φ ( = π � 2 
 (21)

andσ2
φ is the phaseerror varianceof the receiver. Assumingthat a subcarrieris usedto move the modulation

sidebandsaway from the residualcarrier, anda secondorderunderdampedPLL is usedto track the frequency

flicker dominatedphase,thephaseerrorvarianceis givenby

σ2
φ � σ2

AWGN � σ2
phase-noiseI BLN0

Pt sin2 β
� kS3

B2
L


 (22)

with k � 8 � 7. If sidebanddataaidingis usedthephaseerrorvariancemaybelower, but weshallnotconsiderthis

casein this report.Theloop bandwidthBL is optimizedby takingthederivative of Eq. (22) w.r.t. BL andsetting

it equalto zero,whichgives

Bopt
L � �

2kS3
�
sin2 β � Pt � N0 � 1C 3 � (23)

After pluggingEq. (23) into Eq. (22), and thenEq. (21) andfinally Eq. (20), the error rate is expressedasa

function

Pb � Pb
�
Pt � � N0Rd ��
 β ���

For afixedPt � � N0Rd � , theβ whichminimizesPb is declaredtheoptimalmodulationindex, andtheresultingBER

performanceandphaseerrorvariancearereported.

Themethodabove is essentiallythemethodusedby [Sha95],approachedfrom anotherdirection.In [Sha95],

theminimumPt � N0 is foundfor agivenRd andfixederrorrate.
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6 PerformanceSimulations

The joint receiver decoderwith PLL phasetrackingwasimplementedin C. For eachdatapoint, 10,000errors

or 10,000,000informationbits weresimulated,whichever camefirst. To simplify the simulations,we assume

perfecttiming synchronization,no pulsespreading,andAWGN. Thedecisionstatisticsareoutputsof a MF im-

plementedin complex baseband,asin Eq.(9). Soft-decisiondecodingis used.Coarsersoft-decisionquantization

moretypicalof thehigh speedDSN receiverswill performslightly worse.Fig. 2 lists theparametersusedin the

simulations.Thenonjointresultsarefrom aspreadsheet[Sha99],usingthemethodin Section5.

Time constraintsdid not allow simulationsfor theKalmanfilter or MAP algorithms,which areexpectedto

performaboutthesameor slightly worsethanthePLL.

Fig.s8-10 show BER performanceandphaseerror varianceperformancefor phasenoiselevels of -10.58,

-1.55,and7.48dB rad2/Hz, respectively. Looselyspeaking,theserepresentharsh,very harsh,andextremely

harshphasenoiseenvironments.

Becausea Reed-Solomonoutercodeis usuallyusedwith the inner NASA standard(7,1/2)code,the BER

region of interestis in thevicinity of 105 3 to 105 1. For example,whenusinga RS(255,223)outercode,a bit

error rateof 0.01from the innercodewill resultin anend-to-endBER of lessthan105 6. As canbeseenfrom

Fig.s8-10,thejoint receiver-decodersaves3 dB, 3 dB, and4.25dB at a BER of 0.01andphasenoiselevelsof

-10.58,-1.55,and7.48dB rad2/Hz, respectively.

The phaseerror variancefor the joint and nonjoint receiver-decodersare shown in Fig.s 8(b), 9(b), and

10(b). The performanceof the nonjoint receiver is a function of the carrierpower to noiseratio, Pc � N0. The

flat region is onein which Pc � N0 is constant,a consequenceof therequirementthata loop SNRof 10 dB must

be maintained[Sha99]. In Fig. 8(b), we seethat at about4 dB, all power in thenonjoint systemis devotedto

thecarrier, i.e., Pt � Pc. The joint receiver-decoderoperateson a suppressedcarriersignal(Pc � 0), andslowly

approachestheperformanceof aCW signalasPt � � N0Rd � increases.

As canalsobe seenin Fig.s8(a), 9(a), and10(a),the gain of the joint approachover a nonjoint approach

decreasesasPt � � N0Rd � increases.The reasonfor this is unknown, but may possiblybe the way in which the

PLL for thejoint receiver-decoderis implemented.Two approacheswereused,onein whichphasesampleswere

generatedoncepersymbol,andonein which thephasesamplesweregeneratedfour timespersymbol. For the

multiplesamplespersymbolcase,thejoint receiver-decoderalsoproducedphaseupdatesfour timespersymbol.

For aphasenoiselevel of � 10� 58 dB rad2/Hz andlow SNR,themultipleupdatespersymbolwasslightly worse

thana singleupdateper symbol,representingthe fact that the PLL is trackingfluctuationsdueto AWGN, not
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Table2: Parametersusedin thehighphase-noiseBPSKsimulations

Encoderparameters:
Code: Convolutional
Constraintlength: 7
Coderate: 1/2
Generatorpolynomials: 133171(D0=lsb)
Numberof trellis states: 64
Differentialencoding: Yes

Modulationparameters:
Amplitude: 1.000000
Bit period(codedbit): 0.012500sec
Datarate: 40bps
Carrierfrequency: 0 Hz
Initial carrierphase: 0.000000radians
Mod index (angle): 1.570796radians(90degrees)
Pulseshape: Rectangular

Channelparameters:
Channeltype: AWGN
Eb/No: 1-15dB
Phasenoise:

Type: Frequency flicker dominated
PSD(1-sided): 0.175/f 3, 1.4/f 3, 11.2/f 3 rad2/Hz
Incrementvariance: 5.30e-04,4.24e-03,3.39e-02(b/w samples)
Powerat1 Hz offset: -10.58,-1.55,7.48dB rad2/Hz
Phasestoredmodulo2π: Yes
Lengthof phasefilter: 4096

Samplespercodebit: 1, 4 (Fs � 80or 320)

Receiver/decoderparameters:
Phasetrackingmethod: Second-orderstandardunderdampedPLL
PLL loop bandwidth: 5-60Hz (optimizedby Eq. (14)
Decodingdelay: 100

Numberof errorsto simulate: 10,000,or 10million bits
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Figure8: Comparisonof (a) BER performanceand(b) phaseerrorperformance,for joint andnonjointreceiver-
decoders,whenthephasenoiselevel is -10.58dB rad2/Hz at 1Hz offset. Theknown phaseandjoint receiver-
decodercurvesarefor asuppressedcarriersignal,wherePt � � N0Rd ��� Eb � N0. Thenonjointreceiver operateson
a signalof thesametotal power, a fractionof which is allocatedto a residualcarrierin a mannerthatoptimizes
BER vs Pt � N0 performance.
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Figure9: Comparisonof (a) BER performanceand(b) phaseerrorperformance,for joint andnonjointreceiver-
decoders,whenthe phasenoiselevel is -1.55dB rad2/Hz at 1Hz offset. The known phaseandjoint receiver-
decodercurvesarefor asuppressedcarriersignal,wherePt � � N0Rd ��� Eb � N0. Thenonjointreceiver operateson
a signalof thesametotal power, a fractionof which is allocatedto a residualcarrierin a mannerthatoptimizes
BER vs Pt � N0 performance.
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Figure10: Comparisonof (a)BERperformanceand(b) phaseerrorperformance,for joint andnonjointreceiver-
decoders,when the phasenoiselevel is 7.48 dB rad2/Hz at 1Hz offset. The known phaseandjoint receiver-
decodercurvesarefor asuppressedcarriersignal,wherePt � � N0Rd ��� Eb � N0. Thenonjointreceiver operateson
a signalof thesametotal power, a fractionof which is allocatedto a residualcarrierin a mannerthatoptimizes
BER vs Pt � N0 performance.
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Figure11: Comparisonof joint receiver-decoderphasetracking for oneand four phaseestimateupdatesper
symbol. For low Pt � � N0Rd � , moreupdatesper symbol resultsin trackingof unwantedAWGN effectson the
observedphase,while for high Pt � � N0Rd � it resultsin bettertrackingof thetruephase.

truephasechanges.On theotherhand,at7.48dB rad2/Hz, themultiple updates/symbolhelpsquiteabit.

Thereis a cross-over point for which onemethodworksbetterthantheother. This is illustratedin Fig. 11,

for a phasenoiselevel of -1.55dB rad2/Hz. As canbeseen,below approximately7 dB, a singlephaseupdate

persymbolworksbetter. Above7 dB, four updatespersymbolworksbetter. Thus,thereis someamountof PLL

optimization,beyondoptimizingtheloopbandwidthBL, whichcanyield improvedresults.Weexpectthatwhen

the phasetrackingis optimized,the joint receiver-decoderperformancecurve will have the sameslopeasthe

baselineperformancecurve with no phaseerror.
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7 Conclusions

Thisreportpresentedamethodto jointly estimatephaseanddatafrom aconvolutionallycodedBPSKsignalwith

randomphasenoiseandAWGN.Thejoint receiver-decodersuccessfullydecodesfully suppressedcarriersignals

in harshphasenoiseenvironments.A completedescriptionwasgivenof thesoftwareimplementation,including

thegenerationof statisticallyaccuratephasenoisesamples.

Numericalresultsweregivenfor theNASA standard(7,1/2)convolutionalcodeandfrequency flicker dom-

inatedphasenoise.Simulationsindicatedthat for phasenoiselevelsof -10.58,-1.55and7.48dB rad2/Hz at a 1

Hz offset—all threeareharshphasenoiseenvironments—adatarateof 40bps,andaBERof 0.01,thatthejoint

receiver decodersaves3 to 4.25dB of power over a nonjointapproach.This is so despiteoperatingon a fully

suppressedcarriersignal,insteadof theresidualsignal(with optimalmod index) usedin thecomparisonswith

thenonjointreceiver-decoder.

It shouldbeemphasizedthat thenonjoint receiver we compareto in this reportdoesnot usesidebanddata-

aiding.Gainspossiblefrom sidebanddata-aidingwould reducethereportedgainsof thejoint receiver-decoder.

Futurework shouldincludea properstudyof the optimizationof the phasetracking. This includesdevel-

opmentof better tracking loops, the effect of single vs. multiple phaseupdatesper symbol, and methodsto

combatphaseestimateerrorsthat result from burst decodingerrors. Also, thereis asyet no analyticdevelop-

mentof performancebounds,whichwouldbeveryhelpful in generatingquick performanceestimates.Thejoint

receiver-decoderpresentedherecan also be extendedto QPSKand OQPSKsignalling, and to joint symbol-

synchronization,phase-tracking,anddecoding.
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Appendix A

Relationshipof S ) f * to L ) f *
Oscillatorphasenoisecharacteristicsarealsocommonlyspecifiedby L

�
f � , which is definedastheratio of

thephasenoisepower in a sidebandof bandwidth1 Hz to the total signalpower, at anoffsetof f Hz from the

carrierfrequency. Thenormalizedphasenoisepower L
�
f � is relatedto S

�
f � in thefollowing way [HSR73]. let

s
�
t � beaphase-noisysignalof theform

s
�
t �1� Aexp � j � θ � t ��� φ

�
t �6�	��
 (24)

whereθ
�
t � is thephaseof anoscillator(plusanglemodulation,if any) andwhereφ

�
t � is thephasevariationdue

to phasenoise.The“small anglecondition”holdsat frequency f if thephasefluctuationsoccurringat ratesf Hz

or fasteraresmallcomparedto oneradian,i.e.

4 ∞

f
Sφ
�
f c@� d f cd>e> 1 rad2 � (25)

If this conditionholds,thensinφ
�
t �1I φ

�
t � andcosφ

�
t �1I 1, andwemayrewrite Eq.(24)as

s
�
t ��� Ae jθ � t � af� cosφ

�
t ��� jsinφ

�
t �6�1I Ae jθ � t � � 1 � jφ

�
t �6��� Ae jθ � t � � Aφ

�
t � e j � θ � t �g� π C 2� � (26)

Thefirst termis thesignalwith no phasenoisepresent,andits power is A2. Thesecondtermis thephasenoise

contribution,andits averagepower in a1 Hz bandwidthcenteredat frequency f is

4 f � 1
2

f 5 1
2

A2 J Sφ
�
f �

2 K d f I A2Sφ
�
f �

2

 (27)

assumingSφ
�
f � doesnot vary muchwithin the integrationregion. The factorof 1� 2 is introducedin Eq. (27)

becauseSφ
�
f � is a one-sidedpower spectraldensity. Thus,theratio of thenoisepower in the1 Hz sidebandto

thesignalpower, in decibels,is approximately[Kin96,HSR73]

L
�
f ��I 10log10 J A2Sφ

�
f �6� 2

A2 K � 10log10 J Sφ
�
f �

2 K � (28)

Therearea coupleof areasof confusionregardingthis formulation. First, the units of L
�
f � areusuallygiven
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as“dBc/Hz”, which indicatesthe numberof decibelsthe phasenoisepower is below the carrierpower. This

is somewhat of a misnomerbecause,for example,a suppressed-carriermodulatedsignalmight have very little

powerat thecarrierfrequency. It is thedecibelsbelow thetotal signalpower thatL
�
f � measures,not thedecibels

below thecarrierpower [HSR73]. Second,thesmallangleconditiondoesnot alwayshold, particularlyfor the

highphasenoisecasesthis reportconsiders.Theapproximationin Eq.(28) is not valid in thosecases.

For thesereasons,this reportdoesnot referto L
�
f � explicitly; instead,phasenoiseis givenby theright hand

sideof Eq.(28)andspecifyingthetypeof phasenoise,e.g.,frequency flickerdominatedphasenoiseof theform

1� f 3. Theunitsof 10log10
�
S
�
f �6� 2� aredB rad2/Hz. Whenthesmallangleconditionholds,this is thesameas

specifyingthephasenoisein dBc/HzandusingL
�
f � .
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Appendix B

Computer generationof phasenoise

B.1 The basicidea

Thebasicideaof thesimulationis to put a sequenceof i.i.d. Gaussianrandomdeviatesthrougha finite impulse

response(FIR) filter, therebychangingthe white PSD into the desiredPSD. It is easierto first describethis

processin continuoustime,andthendescribehow this is approximatedin discrete-time.

In continuous-time,arandomprocessX
�
t � with one-sidedpowerspectraldensitySXX

�
f �h� N0 is theinput to

a linearfilter with transferfunctionH
�
f � . TheoutputY

�
t � hasPSDSYY

�
f ��� (H �

f � ( 2SXX
�
f �1� (H �

f � ( 2N0 
 and

thusany H
�
f � thatsatisfies(H �

f � ( 2 � Sdesired
�
f �6� N0 will resultin Y

�
t � having thedesiredspectrum.In particular,

H
�
f � maybechosenreal,whichgivesH

�
f �"�3i Sdesired � f �

N0
� Theimpulseresponseis givenby theinverseFourier

transform1

h
�
t ���j4 ∞5 ∞

Sdesired
�
f �

N0
e 5 2π j f td f � (29)

Thediscreteimpulseresponseis a sampledversionof thecontinuousversion,hk � h
�
tk � , wheretk � k∆ are

thesamplingtimesand∆ � 1� Fs is thesamplinginterval. The relationshipbetweenhk andHn is given by the

discreteFouriertransform(or fastFouriertransform(FFT)),definedby

hk � 1
N

N 5 1

∑
n E 0

Hne 5 2π jkn C N 
 (30)

Hn � N 5 1

∑
n E 0

hke2π jkn C N � (31)

Onecandemonstrate(see[Ham98b])that∆Hn I H
�
fn � for n �H� N � 2 
6�6�6�X
 N � 2, where fn � n � � N∆ � , provided

that(1) h
�
t ��I 0 outsideof

�
0 
 � N � 1� ∆ � , and(2) H

�
f ��I 0 for all ( f ( B Fs � 2. Furthermore,Hn is periodicwith

periodN. Ratherthanlettingn vary between� N � 2 andN � 2, it is customarywhenusingtheFFT to varyn from

0 to N � 1. In this way, hk andHn have thesamesetof indices,0 
6�6�6�V
 N � 1. In thefrequency domain,thezero

frequency correspondsto n � 0, positive frequenciescorrespondto 1 = n = N � 2 � 1 andnegative frequencies

1UsuallytheinverseFouriertransformis definedash k t l Nnm ∞o ∞ H k f l e2π j f t d f , whichdiffersfrom Eq.(29)by thenegative signin the
exponent.This is asmalldifference,however, andthis lesscommondefinitionis usedin somestandardreferences,e.g.,[Pro95,PVTF92].
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correspondto N � 2 = n = N � 1. ThevalueN � 2 correspondsto bothFs � 2 and � Fs � 2.

B.2 The FFT sizeand the samplerate

TheproperFFTsizeN to useis thatwhich is sufficient to obtainthedynamicrangein thePSDat theoutput.For

phasenoiseof theform S
�
f ��� c � f α, theminimumFFTsizeis givenby

N � 2
a
10� A 5 B ��Cp� 10α � 


whereA andB arethe desiredupperandlower dBc/Hz at which the simulationto is desiredto operate.The

sampleratemustbeat leasttwice ashigh asthefrequency for which thePSDis B dBc/Hz.

As anexample,supposewe wantto generatea frequency-flicker dominatedphasenoisewith � 20dBc/Hzat

a1 Hz offset,andwewantthesimulationto beaccuratewithin theentiredynamicrangefrom 0dBc/Hzdown to -

100dBc/Hz.ThisimpliesL
�
1�R� 10log10

�
S
�
1�6� 2�h�q� 20,or S

�
1�R� 0 � 02andS

�
f �S� 0 � 02� f 3. Thefrequency for

which10log10
�
S
�
f �6� 2���r� 100is f � 108C 3 � 464Hz. By theNyquistcriterion,thesimulationshouldproduce

outputsat a samplerateat leasttwice that frequency, or 928Hz. At theotherextreme,10log10
�
S
�
f �6� 2�s� 0 is

satisfiedwhen f � �
0 � 02� 1C 3 � 0 � 27 Hz. Therefore,theFFT shouldhave at least1/0.27frequency binsperHz,

or roughly928/0.27= 3420binsoverall. FFT’swork muchfasterwhentheirsizeis apowerof two, soavalueof

4096couldbeused.

B.3 The FIR coefficients

An initialization routineis usedto definetheimpulseresponseanFIR filter, usingthefollowing method.Begin-

ning with thecontinuous-timetransferfunctionH
�
f ���ut Sdesired

�
f �6� N0, theapproximationHn I �

1� ∆ � H �
fn �

is usedto initialize the discrete-timetransferfunction. Then,for eachodd n we multiply Hn by -1. This does

not affect thePSDof thefilter output,becausethePSDis a functionof themagnitudeof thetransferfunction;

however, it hasthebeneficialeffect of shifting the largestFIR coefficientsof the impulseresponsetowardsthe

middle(k � N � 2) andaway from thetails (k � 0 andk � N � 1) [Ham98b].TheFIR coefficientsarecomputed

from Hn by takingtheinverseFFT, asdefinedin Eq. (31).

The methoddoesnot guaranteethat the impulseresponsetendsto zeroat the tails. If the tails do not tend

to zero,thegeneratedsampleswill tendto not have thedesiredPSD.To combatthis problem,we subtractoff

theDC partof the impulseresponse,i.e., subtracth0 from every impulsecoefficient h0 
6�6�6�V
 hN 5 1. TheFFT of
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thismodifiedimpulseresponsehasthesameH1 
6�6�6��
 HN 5 1 asbefore,andonly thezero-frequency H0 is different.

This is a reasonablemodification;from thediscussionin Section1 weknow H0 cannotconformto thefrequency

flicker typenoisebecauseit would have to be infinite to do so. Thus,by assigningthezerofrequency response

H0 exactly right, onecanguaranteethathk goesto zeroat thetails. Without knowing a priori whatthis valueof

H0 is, we canassignanarbitraryvalueto H0, take theinverseFFT, andsubtractoff theDC parth0 from all the

coefficientsh0 
6�6�6�V
 hN 5 1.

B.4 The Gaussianrandom inputs

Gaussianrandomdeviatesmaybegeneratedfrom a uniform deviategeneratorby usingtheBox-Muller method

[PVTF92]. Namely, if x1 andx2 areindependentanduniformlydistributedon
�
0 
 1� , theny1 �wv � 2lnx1 cos

�
2πx2 �

andy2 � v � 2lnx1sin
�
2πx2 � arei.i.d. zeromean,unit variancenormaldeviates.

B.5 The FIR output

B.5.1 With a convolution

A sequenceof i.i.d. Gaussianrandomdeviatesis generatedandusedasinput to thefilter. The ith filter outputis

determinedby aconvolution:

yk � N 5 1

∑
n E 0

hnxk 5 n � (32)

Thefirst N filter outputsarethrown out
�
y1 
6�6�6�X
 yN � , to give time for a full input sequenceto feedinto theFIR.

After initialization,thismethodrequiresN multipliesandN � 1 additionsperoutputsample,i.e.,acomputational

complexity of O
�
N � peroutputsample.

B.5.2 With an FFT and the overlap-add method

For largefilter lengths,aconvolutioncanbetimeconsuming.For example,eachpointontheperformancecurves

in this reportwasbasedon thesimulationof 80 million phasenoisesamples.(The10 million informationbits

resultsin 20 million codedbits, eachof which wassampledup to four times.) A moreefficient methodthan

directconvolution is to multiply thediscretefilter transferfunctionHn by theFFT of thefirst N filter inputs,and

thentake theinverseFFT. Appropriatezero-paddingis necessaryfor this to work properly, andthebeginningand

endingoutputsmustbethrown out. Thiswill generateN � 2 datapoints.
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Table3: Secondsneededto generate10million FIR outputsona333MHzPentiumII, for variousFIR lengthsN.

N Requiredtime,FFT Requiredtime,convolution Speed-up
64 33.0 137 4.2
256 34.4 515 15.0
1024 59.1 1076 18.2
4096 65.7 4253 64.7
16384 102 179502 176

One disadvantageof this method,however, is that it doesnot allow for simulationsof arbitrary lengths,

becausethereis apracticallimit to thesizeof anFFT thatcanbeperformed.This problemmaybeovercomeby

usinga smallerFFT sizeandstitchingtogethermultiple datasetsin theappropriateway. This is known asthe

“overlap-add”methodof generatingfilter outputs.It is describedin moredetailin [OS89,p. 558]and[PVTF92].

To quotefrom [PVTF92],

If yourdatasetis solong thatyoudo notwantto fit it into memoryall at once,thenyoumustbreak

it up into sectionsandconvolve eachsectionseparately. Now, however, thetreatmentof endeffects

is a bit different. You have to worry not only aboutspuriouswrap-aroundeffects,but alsoabout

thefactthattheendsof eachsectionof datashouldhave beeninfluencedby dataat thenearbyends

of theimmediatelyprecedingandfollowing sectionsof data,but werenot so influencedsinceonly

onesectionof datais in the machineat a time... [One solutionis the overlap-addmethod.] Here

you don’t overlaptheinput data.Eachsectionof datais disjoint from theothersandis usedexactly

once.However, you carefullyzero-padit at bothendssothat thereis no wrap-aroundambiguityin

theoutputconvolution or deconvolution. Now you overlapandaddthesesectionsof output. Thus,

an outputpoint nearthe endof onesectionwill have the responsedue to the input pointsat the

beginning of thenext sectionof dataproperlyaddedin to it, andlikewise for an outputpoint near

thebeginningof asection,mutatis mutandis.

Whencomputedwith FFT’s, thecomputationalcomplexity of theFIR outputis dominatedby theFFT cal-

culations,which take O
�
N logN � time. Thus,for eachpoint,only O

�
logN � time is needed,a substantialsavings

over the O
�
N � requiredfor convolution computations.Table3 indicatesthe time savings in seconds,basedon

computersimulations.
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